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Lw lv frpprq lq hfrqrphwulf sudfwlfh wr hqfrxqwhu rqh ri wzr glhuhqw skhqrphqd1
Hlwkhu wkh gdwd duh vx!flhqwo| srzhuixo wr uhmhfw wkh prgho/ ru wkh vdpsoh hylghqfh
lv vx!flhqwo| zhdn vr dv wr vxvshfw wkdw lghqwlfdwlrq lv whqxrxv1 Zh surylgh d
zd| wr whvw iru xqghulghqwlfdwlrq xvlqj d phwkrg wkdw lv frpprqo| hpsor|hg dv
d whvw iru ryhulghqwlfdwlrq1
Zh vwxg| wkh lghqwlfdwlrq ri dq hfrqrphwulf prgho wkdw lv olqhdu lq sdudph0
whuv1 Zh dgrsw d jhqhudol}hg0phwkrg0ri0prphqwv +JPP, shuvshfwlyh dqg zulwh
wkh prgho dv=
.E[|k 'f +414,
zkhuh k lv d &n0glphqvlrqdo xqnqrzq sdudphwhu yhfwru lq wkh qxoo vsdfh ri wkh
srsxodwlrq pdwul{ .E[| zkhuh [| lv dq o e| & npdwul{ frqvwuxfwhg iurp gdwd1
￿Yhu| suholplqdu| gudiw1 Zh wkdqn Mdylhu Doyduh}/ Udtxho Fduudvfr/ dqg Iudqflvfr
Sh￿dudqgd iru deoh uhvhdufk dvvlvwdqfh/ dqg Mrkq Fdpsehoo iru nlqgo| doorzlqj xv wr xvh klv
gdwd1Zh vxssrvh wkh rughu frqglwlrq Eo  &, lv vdwlvhg/ exw qrw qhfhvvdulo| wkh udqn
frqglwlrq1 Wkxv wkh pd{lpdo srvvleoh udqn ri wkh pdwul{ .E[| lv 4@ ioc & nj1
Wkh prgho lv vdlg wr eh lghqwlhg zkhq wkh qxoo vsdfh ri .E[| lv suhflvho| rqh
glphqvlrqdo1 Lq wklv fdvh wkh sdudphwhu yhfwru ri lqwhuhvw lv rewdlqhg e| lpsrvlqj
d qrupdol}dwlrq wkdw vhohfwv rqh hohphqw iurp wkh qxoo vsdfh1 Wkh vhohfwlrq uxoh
fdq uhvwulfw rqh ri wkh frpsrqhqwv ri k wr eh rqh/ ru lw pljkw uhtxluh wkdw mkm '
wrjhwkhu zlwk d vljq uhvwulfwlrq rq rqh ri wkh qrq}hur frh!flhqwv1 Lghqwlfdwlrq
iroorzv zkhq wkh pdwul{ .E[| kdv udqn &1Z k h qo:&dqg wkh prgho lv lghqwlhg/
lw lv vdlg wr eh ryhu0lghqwlhg ehfdxvh wkh udqn ri wkh pdwul{ .E[| qrz pxvw qrw
eh ixoo1 Lqvwhdg ri kdylqj pd{lpdo udqn & n /.E[| kdv uhgxfhg udqn &1W k l v
lpsolfdwlrq lv nqrzq wr eh whvwdeoh dqg vwdwlvwlfdo whvwv ri ryhulghqwlfdwlrq duh
riwhq frqgxfwhg lq sudfwlfh1
Wkh prgho lv vdlg wr eh xqghu0lghqwlhg zkhq wkh udqn ri .E[| lv ohvv wkdq &1
Lq wklv fdvh wkh qxoo vsdfh ri .E[| zloo kdyh pruh wkdq rqh glphqvlrq1 D vlqjoh
qrupdol}dwlrq zloo qr orqjhu vhohfw d xqltxh hohphqw iurp wkh sdudphwhu vsdfh1
Lqvwhdg wkhuh h{lvwv dqrwkhu vroxwlrq kW qrw sursruwlrqdo wr k vxfk wkdw
.E[|k
W 'f  +415,
Whvwv iru xqghulghqwlfdwlrq duh qrw frpprq lq hfrqrphwulf sudfwlfh/ dqg wkh
dlp ri wklv sdshu wr sursrvh dqg lpsohphqw vxfk d whvw1
Wr whvw iru wkh odfn ri lghqwlfdwlrq/ zh dvn zkhwkhu wkhuh h{lvwv dqrwkhu
qrupdol}hg yhfwru kW wkdw vdwlvhv +415,1 Zh dssurdfk wklv txhvwlrq e| wklqnlqj
ri +414, dqg +415, dv hphujlqj iurp d qhz dxjphqwhg prgho1 Zh dwwhpsw wr
ghwhuplqh EkckW vlpxowdqhrxvo| dqg dvn zkhwkhu wkh| vdwlvi| wkh frpelqhg ryhu0
lghqwli|lqj prphqw uhvwulfwlrqv1 Li wkh| gr/ wkhq zh pd| frqfoxgh wkdw wkh ruljlqdo
5hfrqrphwulf uhodwlrq lv qrw lghqwlhg ru htxlydohqwo| lv xqghu0lghqwlhg1 Wkxv
e| exloglqj dq dxjphqwhg htxdwlrq v|vwhp/ zh pd| srvh wkh qxoo k|srwkhvlv ri
xqghulghqwlfdwlrq dv d k|srwkhvlv wkdw wkh dxjphqwhg htxdwlrq v|vwhp lv ryhu0
lghqwlhg1 Uhmhfwlrqv ri wkh ryhu0lghqwli|lqj uhvwulfwlrqv iru wkh dxjphqwhg prgho
surylgh hylghqfh wkdw wkh ruljlqdo prgho lv lqghhg lghqwlhg1 Srvhg lq wklv zd|/
xqghulghqwlfdwlrq fdq eh whvwhg vlpso| e| dsso|lqj dssursuldwho| dq h{lvwlqj whvw
iru ryhulghqwlfdwlrq1 Iru lqvwdqfh/ d vwdqgdug whvw iru ryhulghqwlfdwlrq vxfk dv
wkdw ri Vdujdq +4<8;, +dqg h{whqghg e| Kdqvhq/ 4<;5, lv srwhqwldoo| dssolfdeoh
wr wkh dxjphqwhg prgho1
Dv zh zloo vhh/ wkhuh duh wzr frpsolfdwlrqv wkdw pxvw eh frqvlghuhg lq wklv
lpsohphqwdwlrq1 Iluvw/ xqghu wkh qxoo k|srwkhvlv ri xqghulghqwlfdwlrq/ zh duh
frpshoohg wr h{whqg wkh qrupdol}dwlrq wr h{wudfw pxowlsoh/ olqhduo| lqghshqghqw
hohphqwv iurp wkh qxoo vsdfh ri .E[|1 Iru lqvwdqfh/ li EkckW vdwlvhv +414,
dqg +415,/ wkhq vr grhv dq| sdlu ri olqhdu frpelqdwlrqv ri k dqg kW1V l q f h w k h
sdudphwhu hvwlpdwhv ri wkh dxjphqwhg prgho duh ri qr sduwlfxodu lqwhuhvw wr xv/ lw
lv ri olwwoh frqvhtxhqfh zklfk uxoh lv xvhg wr dfklhyh lghqwlfdwlrq1 Dq| frqyhqlhqw
qrupdol}dwlrqv zloo vx!fh/ dqg lw lv nqrzq krz wr frqvwuxfw JPP hvwlpdwruv
wkdw duh lqvhqvlwlyh wr qrupdol}dwlrq1 Vhfrqg/ zkhq zh gxsolfdwh wkh prphqw
uhodwlrqv wr dfklhyh lghqwlfdwlrq ri wkh dxjphqwhg prgho/ zh pd| lqwurgxfh vrph
uhgxqgdqf| lqwr wkh v|vwhp1 Dv d frqvhtxhqfh/ vrphwlphv zh zloo eh frpshoohg
wr xvh ohvv wkdq wkh ixoo 2o prphqw frqglwlrqv iurp wkh dxjphqwhg v|vwhp zkhq
whvwlqj iru xqghulghqwlfdwlrq1 Zh zloo surylgh vrph jxlgdqfh dv wr zkhq wr
h{shfw uhgxqgdqf| lq wkh prphqw frqglwlrqv1
Wkh uhpdlqghu ri wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 frqvlghuv lghqwl0
fdwlrq whvwlqj lq wkh frqwh{w ri d vlqjoh vwuxfwxudo htxdwlrq/ lqfoxglqj frpsdulvrqv
6wr rwkhu dssurdfkhv1 Zh glvfxvv wkh uhodwlrqvkls ri rxu phwkrg zlwk wkh plqlpxp
hljhqydoxh whvwv vxjjhvwhg e| Nrrspdqv dqg Krrg +4<86, dqg Vdujdq +4<8;,/ dqg
wkh uhgxfhg irup dssurdfk sursrvhg e| Fudjj dqg Grqdog +4<<6,1 Vhfwlrq 6 ghdov
zlwk furvv0htxdwlrq uhvwulfwlrqv/ glvfxvvlqj dq h{dpsoh prwlydwhg lq wkh hvwlpd0
wlrq ri dq lqwhuwhpsrudo dvvhw sulflqj prgho1 Vhfwlrq 7 frqvlghuv lghqwlfdwlrq
whvwlqj lq dxwruhjuhvvlyh prghov zlwk lqglylgxdo hhfwv iru vkruw sdqhov1 Wklv lv dq
h{dpsoh ri d v|vwhp ri htxdwlrqv lq zklfk wkh ydolg lqvwuxphqwv glhu iru glhuhqw
htxdwlrqv/ dqg wkh prgho kdv d qrqvwdqgdug uhgxfhg irup1 Zh surylgh hpslulfdo
looxvwudwlrqv dqg Prqwh Fduor vlpxodwlrqv iru wkh dvvhw sulflqj dqg wkh sdqho gdwd
h{dpsohv1 Ilqdoo|/ vhfwlrq 8 frqwdlqv wkh frqfoxvlrqv1
51 Vlqjoh Htxdwlrq
Wr looxvwudwh rxu phwkrg dqg frpsduh wr rwkhu dssurdfkhv/ lq wklv vhfwlrq zh
frqvlghu d vlqjoh htxdwlrq iurp d vlpxowdqhrxv v|vwhp1 Vxssrvh wkdw=

￿
|k ' | +514,
zkhuh wkh vfdodu glvwxuedqfh whup | lv ruwkrjrqdo wr dq o0glphqvlrqdo yhfwru 5|
ri lqvwuxphqwdo yduldeohv=
. E5||'f  +515d,
W|slfdoo|/ wkh uvw frh!flhqw ri k lv vhw wr rqh vr wkdw k 'E  cq
￿ ￿/z k h u hqlv d




Wkhq ruwkrjrqdolw| frqglwlrq +515d, lv htxlydohqw wr k vdwlvi|lqj wkh prphqw
uhodwlrq +414,1
7Wkh sdudphwhu yhfwru k zloo eh lghqwlhg xs wr vfdoh/ li dqg rqo| li wkh udqn
ri .E5|￿
| lv htxdo wr &/ zklfk uhtxluhv wkh rughu frqglwlrq o  &1L iw k hu d q nr i
. E 5 |  ￿
| lv &   ru ohvv/ wkh htxdwlrq lv qrw lghqwlhg uhjdugohvv ri wkh glhuhqfh
ehwzhhq o dqg &1
Ohw xv dvvxph wkdw o  & exw wkh udqn ri .E5|￿
| lv dfwxdoo| &  1W k l v
phdqv wkdw doo wkh sdudphwhu ydoxhv frpsdwleoh zlwk +515d, zloo olh lq d olqhdu
vxevsdfh ri glphqvlrq 51 Wkhq zh fdq zulwh doo wkh dgplvvleoh htxdwlrqv dv olqhdu













W ' | +516,
frpelqhg zlwk wkh ruwkrjrqdolw| frqglwlrq=
. E5||'f c
dqg zh vwxg| wkh vlpxowdqhrxv ryhulghqwlfdwlrq ri wkh wzr hfrqrphwulf htxdwlrqv
+514, dqg +516,1 Hyhq diwhu qrupdol}lqj hdfk htxdwlrq/ wkhuh duh wzr vxshu xrxv
glphqvlrqv wr wklv sdudphwhul}dwlrq1 Lw pd| eh srvvleoh/ iru h{dpsoh/ wr dyrlg
lqghwhuplqdf| e| fkrrvlqj wkh wzr wrs urzv ri EkckW htxdo wr wkh lghqwlw| pdwul{
ri rughu wzr/ zklfk holplqdwhv wzr sdudphwhuv shu htxdwlrq1 Dowhuqdwlyho|/ zh
fdq lpsrvh wkh qrupdol}lqj uhvwulfwlrqv EkckW￿EkckW'U 2dqg vhw wkh Ec20wk
hohphqw ri EkckW wr }hur1 Lq dq| hyhqw/ wkh hhfwlyh qxpehu ri sdudphwhuv lv 2&2
dqg wkh qxpehu ri prphqw frqglwlrqv lv 2o1L iw k h2Eo  &n2ryhu0lghqwli|lqj
8uhvwulfwlrqv iru wkh qhzo| frqvwuxfwhg wzr0htxdwlrq v|vwhp duh uhmhfwhg/ wkhq zh
kdyh uhmhfwhg wkh xqghulghqwlfdwlrq ri wkh ruljlqdo hfrqrphwulf uhodwlrq1 Zh pd|
eh frqghqw lq wkdw rxu vlqjoh htxdwlrq prgho lv lghqwlhg1
Lq sudfwlfh/ lw lv ghvludeoh wr frqvwuxfw d whvw vwdwlvwlf ri xqghulghqwlfdwlrq
xvlqj d yhuvlrq ri wkh whvw ri ryhu0lghqwli|lqj uhvwulfwlrqv wkdw lv lqyduldqw wr qru0
pdol}dwlrq/ vxfk dv wkrvh edvhg rq frqwlqxrxvo| xsgdwhg JPP +Kdqvhq/ Khdwrq/
dqg \durq/ 4<<9,/ hpslulfdo olnholkrrg hvwlpdwlrq/ ru rwkhu lqirupdwlrq0wkhruhwlf
dowhuqdwlyhv +Lpehqv/ 4<<:/ Nlwdpxud dqg Vwxw}hu/ 4<<:/ Lpehqv/ Vsdg|/ dqg
Mrkqvrq/ 4<<;,1
Xqghulghqwlfdwlrq ri d Kljkhu Rughu Dowkrxjk wkh qxoo k|srwkhvlv
wkdw vhwv wkh udqn ri .E5|￿
| wr & lv wkh qdwxudo ohdglqj fdvh lq whvwlqj iru xq0
ghulghqwlfdwlrq/ lw lv vwudljkwiruzdug wr h{whqg wkh suhylrxv glvfxvvlrq wr kljkhu
rughuv ri xqghulghqwlfdwlrq1 Vxssrvh wkdw wkh udqn ri .E5|￿
| lv &   iru vrph
1 Wkhq zh fdq zulwh doo wkh dgplvvleoh htxdwlrqv dv olqhdu frpelqdwlrqv ri wkh








Li zh lpsrvh En2 qrupdol}lqj uhvwulfwlrqv rq EkckW
￿cckW
￿ wr dyrlg lqghwhu0
plqdf|/4 wkh hhfwlyh qxpehu ri sdudphwhuv lv EnE&nEn2 'E  nE&
dqg wkh qxpehu ri prphqw frqglwlrqv lv E n  o 1 Wkhuhiruh/ e| whvwlqj wkh
E n Eo  & n  ryhu0lghqwli|lqj uhvwulfwlrqv lq +517, zh whvw wkh qxoo wkdw k lv
xqghulghqwlhg ri rughu  djdlqvw wkh dowhuqdwlyh ri xqghulghqwlfdwlrq ri rughu
4Iru lqvwdqfh/ zh pd| pdnh wkh wrs m .4urzv ri D @+ ￿>￿￿
4>===>￿￿
m, htxdo wr wkh lghqwlw|
pdwul{ ri rughu m .4 1 Pruh jhqhudoo|/ zh fdq lpsrvh wkh +m .4 , 5 qrupdol}lqj uhvwulfwlrqv
D3D @ L+m.4, dqg dlc @3iru cAl / zkhuh dlc ghqrwhv wkh +l>c,0wk hohphqw ri D1
9ohvv wkdq  ru lghqwlfdwlrq1
Rwkhu Dssurdfkhv Whvwv ri xqghulghqwlfdwlrq lq d vlqjoh vwuxfwxudo htxd0
wlrq zhuh uvw frqvlghuhg e| Nrrspdqv dqg Krrg +4<86, dqg Vdujdq +4<8;,1
Zkhq o:&dqg wkh udqn ri .E5|￿
| lv &/ xqghu wkh dgglwlrqdo dvvxpswlrqv
wkdw wkh huuru whup | lv frqglwlrqdoo| krprvnhgdvwlf dqg vhuldoo| xqfruuhodwhg/
dq dv|pswrwlf fkl0vtxduh whvw vwdwlvwlf ri ryhu0lghqwli|lqj uhvwulfwlrqv zlwk o  &
ghjuhhv ri iuhhgrp lv jlyhq e| Ab ￿/z k h u h
b ￿'4  ?
@




dqg ~￿` ' A3￿ SA
|’￿ 5|￿
|/h w f 1 W k x vb ￿lv wkh vpdoohvw fkdudfwhulvwlf urrw ri
` ￿~ E~￿~
3￿ ~￿` l qw k hp h w u l fr i` ￿ `+Dqghuvrq dqg Uxelq/ 4<7</ Vdujdq/
4<8;,1
Nrrspdqv dqg Krrg/ dqg Vdujdq lqglfdwhg wkdw zkhq wkh udqn ri .E5|￿
| lv
&   lqvwhdg/ li b2 lv wkh vhfrqg vpdoohvw fkdudfwhulvwlf urrw/ AEb￿ n b2 kdv dq
dv|pswrwlf fkl0vtxduh glvwulexwlrq zlwk 2Eo  &n2ghjuhhv ri iuhhgrp1 Wkhvh
dxwkruv vxjjhvwhg wkdw wklv uhvxow frxog eh xvhg dv d whvw ri wkh k|srwkhvlv wkdw wkh
htxdwlrq lv xqghulghqwlhg dqg wkdw dq| srvvleoh htxdwlrq kdv d krprvnhgdvwlf
dqg qrq0dxwrfruuhodwhg huuru1
Wkh vwdwlvwlf AEb￿ n b2 kdv d vwudljkwiruzdug lqwhusuhwdwlrq lq whupv ri rxu
dssurdfk1 Lqghhg/ lw fdq eh uhjdughg dv d frqwlqxrxvo| xsgdwhg JPP whvw ri
ryhu0lghqwli|lqj uhvwulfwlrqv ri wkh dxjphqwhg prgho +514, dqg +516,/ vxemhfw wr
wkh dgglwlrqdo uhvwulfwlrqv rq wkh huuru whupv phqwlrqhg deryh1 Wr vhh wklv/ ohw














:vxemhfw wr ￿` ￿`'U 21 Wkh frqvwudlqw uhvwulfwv wkh vdpsoh fryduldqfh pdwul{
ri wkh glvwxuedqfh yhfwru wr eh dq lghqwlw| pdwul{1 Lw lv xvhg dv d frqyhqlhqw
















dqg wkh plqlpl}hg ydoxh frlqflghv zlwk b￿ n b2 +Udr/ 4<:6/ sdjh 96,1
Pruh uhfhqwo|/ Fudjj dqg Grqdog +4<<6, frqvlghuhg vlqjoh htxdwlrq whvwv ri xq0
ghulghqwlfdwlrq edvhg rq wkh uhgxfhg irup1 Ohw xv sduwlwlrq | lqwr d ERn0d q g
do ￿0glphqvlrqdo yhfwruv ri hqgrjhqrxv dqg suhghwhuplqhg yduldeohv/ uhvshfwlyho|/
| 'E + ￿
|c5￿
￿| ￿/v rw k d w&'Rno ￿dqg 5| 'E 5 ￿
￿ |c5￿
2| ￿/z k h u h5 2 |lv wkh yhfwru ri o2
lqvwuxphqwv h{foxghg iurp wkh htxdwlrq1 Pruhryhu/ ohw  dqg e 't￿~ E ~ ￿~ 3 ￿eh
wkh ER nopdwulfhv ri srsxodwlrq dqg vdpsoh uhgxfhg irup olqhdu0surmhfwlrq
frh!flhqwv/ uhvshfwlyho|1 Zlwk wklv qrwdwlrq dqg wkh sduwlwlrq 'E  ￿c 2fru0
uhvsrqglqj wr wkdw ri 5|/l iw k hu d q nr i 2lv R/ k lv lghqwlhg xs wr vfdoh/ exw lw
lv xqghulghqwlhg li wkh udqn lv R   ru ohvv1
Wr whvw iru xqghulghqwlfdwlrq Fudjj dqg Grqdog frqvlghuhg wkh plqlpl}hu ri




vxemhfw wr wkh uhvwulfwlrq wkdw wkh udqn ri 2 lv R  1 Xqghu wkh qxoo ri odfn ri
lghqwlfdwlrq dqg vwdqgdug uhjxodulw| frqglwlrqv/ wklv surylghv d plqlpxp fkl0
vtxduh vwdwlvwlf zlwk 2Eo  &n2ghjuhhv ri iuhhgrp/ dv orqj dv T lv d frqvlvwhqw
5Wklv qrupdol}dwlrq grhv qrw ixoo| lghqwli| d vhw ri sdudphwhuv ri +514, dqg +516,/ exw lw lv
hqrxjk wr surylgh dq h{solflw h{suhvvlrq iru wkh whvw vwdwlvwlf1
;hvwlpdwh ri wkh dv|pswrwlf yduldqfh ri eSEe 16
Wr uhodwh +518, wr rxu iudphzrun/ zulwh wkh dxjphqwhg prgho +514, dqg +516,
dv d frpsohwh v|vwhp e| dgglqj wr lw R uhgxfhg irup htxdwlrqv/ dqg ghqrwh lw
e|
+| n5| ' 
_
|
Wkhq qrwlqj wkdw eSEe  ' E~￿~3￿ SA
|’￿E
_

















zklfk lv lq wkh irup ri d frqwlqxrxvo| xsgdwhg JPP fulwhulrq wkdw ghshqgv
rq EkckW dqg wkh frh!flhqwv lq wkh dgglwlrqdo R   uhgxfhg irup htxdwlrqv1
Vlqfh  grhv qrw ghshqg rq wkh odwwhu/ wkh| fdq eh hdvlo| frqfhqwudwhg rxw ri
wkh fulwhulrq1 D frqyhqlhqw ihdwxuh ri wklv fulwhulrq lv wkdw lw lv lqyduldqw wr
qrupdol}dwlrq wkurxjk wkh xsgdwlqj ri  zkloh T lv nhsw {hg1
61 Furvv0Htxdwlrq Uhvwulfwlrqv
Lq wkh vwdqgdug vlpxowdqhrxv htxdwlrqv v|vwhp/ zh pd| whvw iru lghqwlfdwlrq
htxdwlrq e| htxdwlrq xvlqj wkh dssurdfk ghvfulehg lq Vhfwlrq 51 Pruhryhu/ li zh
zhuh wr orrn dw pxowlsoh htxdwlrqv vlpxowdqhrxvo|/ rxu lpsolflw qxoo k|srwkhvlv
zrxog eh wkdw qrqh ri wkh htxdwlrqv duh lghqwlhg1 Uhmhfwlqj wklv k|srwkhvlv zh
frxog rqo| frqfoxgh wkdw dw ohdvw rqh ri wkh htxdwlrqv lv lghqwlhg1 Zh frxog qrw
frqfoxgh wkdw doo htxdwlrqv duh lghqwlhg iurp wklv rqh v|vwhp whvw1 Wkxv lq wkh
6Li wkh udqn ri ￿5 lv s￿4/ wkhuh duh wzr olqhduo| lqghshqghqw yhfwruv/ ghqrwhg e| ￿/ vxfk wkdw
￿3
5￿@3 1 Iru vrph rughulqj ri wkh urzv ri ￿5> zh fdq qrupdol}h ￿ dv ￿3 @+ L 5>￿ 3
5, 1 Sduwlwlrqlqj
￿5 dffruglqjo| dv ￿3
5 @+ ￿ 3
5 4 > ￿ 3
55,/ zh wkhq kdyh wkdw ￿3
54 @ ￿￿3
55￿51 Wr hqirufh wkh udqn
uhvwulfwlrq/ Fudjj dqg Grqdog frqvlghuhg ￿ dv d ixqfwlrq ri ￿4>￿55 dqg ￿51
<devhqfh ri furvv0htxdwlrq uhvwulfwlrqv lw vhhpv rqo| lqwhuhvwlqj wr surfhhg zlwk
rqh htxdwlrq dw d wlph17
Zkhq furvv htxdwlrq uhvwulfwlrqv duh suhvhqw pdwwhuv duh glhuhqw1 Lw qrz
pdnhv vhqvh wr orrn dw pruh wkdq rqh htxdwlrq dw d wlph zkhq whvwlqj iru lghqwl0
fdwlrq/ vlqfh sdudphwhuv duh qr orqjhu xqltxho| wlhg wr htxdwlrqv1 Lq vr grlqj/
zh pd| hqfrxqwhu d sureohp ri uhgxqgdqf| lq rxu prphqw frqglwlrqv/ dv zh qrz
looxvwudwh1
H{dpsoh 6141 Frqvlghu wkh iroorzlqj wzr htxdwlrq prgho=
+￿| ' k￿ n %|q n ￿|
+2| ' k2 n %|q n 2|
zkhuh +￿|/ +2| dqg %| duh hqgrjhqrxv yduldeohv1 Ohw 5| ghqrwh d yhfwru ri lqvwux0
phqwdo yduldeohv dssursuldwh iru erwk htxdwlrqv=
. E5|￿|'f
. E 5 |  2 | 'f 
Wr whvw iru xqghulghqwlfdwlrq lq wkh uvw htxdwlrq dorqh zh zrxog lqwurgxfh d
vhfrqg htxdwlrq dqg wkuhh dgglwlrqdo qrupdol}dwlrqv=
+￿| ' ￿ n ￿|
%| ' f n f|
7Rxu irupxodwlrq ri wkh prphqw frqglwlrqv +414, lpsrvhg d vlqjoh qrupdol}dwlrq1 Li wkh whvw
mxvw ghvfulehg zhuh ri lqwhuhvw iru pxowlsoh htxdwlrqv zlwkrxw furvv0htxdwlrq uhvwulfwlrqv/ wkhq
wkh h￿hfwlyh qxpehu ri sdudphwhuv iru wkh dxjphqwhg prgho zrxog eh dowhuhg wr dffrxqw iru
wkh pxowlsoh qrupdol}dwlrqv lq wkh ruljlqdo prgho1
43Exw iru wkh wzr htxdwlrq v|vwhp/ zh gr qrw zdqw wr dxjphqw hdfk htxdwlrq eh0
fdxvh lq erwk fdvhv zh zrxog duulyh dw wkh vdph hfrqrphwulf uhodwlrq iru %|1W k x v
wr whvw iru xqghulghqwlfdwlrq/ zh duh ohg wr vwxg| d wkuhh htxdwlrq qrquhgxqgdqw
v|vwhp1 Wkhuhiruh/ zkdw lv whvwhg lv=
.d5|E+￿|  ￿o ' f
.d5|E+2|  2o ' f
.d5|E%|  fo ' f
Wklv h{dpsoh looxvwudwhv d frpprq skhqrphqrq1 Vxssrvh zh orrn dw 6 htxd0
wlrqv zlwk } hqgrjhqrxv yduldeohv1 Li wkh lqvwuxphqwdo yduldeohv duh wkh vdph iru
hdfk ri wkh 6 htxdwlrqv/ wkhq dxjphqwlqj wkh 6 htxdwlrqv wr 26 htxdwlrqv lq wkh
} yduldeohv zloo jhqhudwh uhgxqgdqw prphqw frqglwlrqv zkhqhyhu 26 h{fhhgv }1
Wkh pd{lpdo qxpehu ri dgglwlrqdo qrquhgxqgdqw htxdwlrqv lv 4?i26c}j1D vz h
zloo vhh lq wkh qh{w vhfwlrq/ pdwwhuv duh d elw pruh frpsolfdwhg zkhq lqvwuxphqwdo
yduldeohv dssursuldwh iru hdfk htxdwlrq glhu1
Dq Dvvhw Sulflqj Prgho Wkh suhylrxv h{dpsoh fdq eh prwlydwhg lq wkh
JPP hvwlpdwlrq ri d vwdqgdug frqvxpswlrq0edvhg fdslwdo dvvhw0sulflqj prgho1
Vxssrvh d uhsuhvhqwdwlyh djhqw zkr pd{lpl}hv h{shfwhg lvrhodvwlf xwlolw| ryhu
suhvhqw dqg ixwxuh frqvxpswlrq1 Wkh Hxohu htxdwlrqv iru wkh djhqw*v frqvxpswlrq
dqg sruwirolr doorfdwlrq ghflvlrq duh jlyhq e|
.|3￿di TE+￿| n* ?4q%|o '  E ' cc6
zkhuh %| ghqrwhv wkh fkdqjh lq orj frqvxpswlrq ehwzhhq |   dqg |/ +￿| lv wkh
+frqwlqxrxvo| frpsrxqghg, uhwxuq rq wkh 0wk qdqfldo dvvhw lq shulrg |/ q lv
44wkh frh!flhqw ri uhodwlyh ulvn dyhuvlrq/ dqg 4 lv wkh glvfrxqw idfwru +Kdqvhq dqg
Vlqjohwrq/ 4<;6,1 Wkhuh duh 6 dvvhwv/ dqg wkh frqglwlrqdo h{shfwdwlrq lv wdnhq
zlwk uhvshfw wr wkh djhqw*v lqirupdwlrq vhw lq shulrg |  / zklfk lqfoxghv sdvw
uhwxuqv dqg frqvxpswlrq1 Pruhryhu li E%|c+ ￿|cc+6| duh frqglwlrqdoo| mrlqwo|
qrupdoo| glvwulexwhg zlwk d frqvwdqw fryduldqfh pdwul{/ wkhq
.|3￿E+￿| k￿ q%|'fE ' cc6c +614,
zkhuh wkh dvvhw0vshflf lqwhufhswv k￿ ghshqg rq wkh glvfrxqw idfwru/ dqg wkh
frqglwlrqdo yduldqfhv dqg fryduldqfhv ri dvvhw uhwxuqv dqg frqvxpswlrq jurzwk1
Lq wkh h{dpsoh wkhuh duh wzr dvvhwv/ dqg hvwlpdwlrq ri wkh sdudphwhuv k￿ dqg
q lv edvhg rq wkh xqfrqglwlrqdo prphqw uhvwulfwlrqv=
.d5|E+￿| k￿ q%|o ' f +615,
zkhuh 5| lv d yhfwru ri lqvwuxphqwdo yduldeohv zkrvh ydoxhv duh nqrzq lq |  1
Wkh frh!flhqw ri uhodwlyh ulvn dyhuvlrq lv lghqwlhg dv wkh frpprq vorsh ri olqhdu
frpelqdwlrqv ri dvvhw uhwxuqv dqg frqvxpswlrq jurzwk wkdw duh xqsuhglfwdeoh rq
wkh edvlv ri wkh yhfwru ri lqvwuxphqwv1 Krzhyhu/ li SJE5|c% |'SJE5|c+ ￿|'f
+wkh qxoo ri rxu whvw lq wklv h{dpsoh, wkhuh zloo eh d pxowlsolflw| ri olqhdu frp0
elqdwlrqv zlwk wkh vdph surshuw|/ dqg dv d uhvxow wkh wuxh ydoxh ri q zloo qrw eh
hpslulfdoo| lghqwldeoh iurp +615,1
Hpslulfdo Dssolfdwlrq wr XV Gdwd Zh looxvwudwh wkh vlwxdwlrq glvfxvvhg
deryh xvlqj XV dqqxdo gdwd rq uhwxuqv dqg frqvxpswlrq jurzwk iru wkh shulrg
4;;<04<<71 Wkh dvvhw uhwxuqv duh +4, wkh uhdo frpphufldo sdshu udwh dqg +5, wkh
uhdo vwrfn uhwxuq1 Frqvxpswlrq jurzwk lv wkh dqqxdo jurzwk udwh ri uhdo qrq0
gxudeohv dqg vhuylfhv frqvxpswlrq1 Dsduw iurp wkh frqvwdqw/ wkh lqvwuxphqwv duh
45rqh odj ri wkh uhdo frpphufldo sdshu udwh/ wkh uhdo frqvxpswlrq jurzwk udwh/ dqg
wkh orj glylghqg0sulfh udwlr1 Wkh gdwd lv wkh vdph dv lq vhfwlrq ;15 ri Fdpsehoo/
Or dqg PdfNlqod| +4<<:,/ zkhuh ixuwkhu ghwdlov fdq eh irxqg1
Lq Wdeoh 4 zh uhsruw wzr0vwhs dqg frqwlqxrxvo| xsgdwhg JPP hvwlpdwhv ri wkh
sdudphwhuv lq wkh ruljlqdo prgho dv zhoo dv wkrvh lq wkh dxjphqwhg prgho1 Zh dovr
uhsruw whvw vwdwlvwlfv ri ryhulghqwli|lqj uhvwulfwlrqv iru erwk wkh dxjphqwhg dqg wkh
ruljlqdo prghov +ghqrwhg wkh U dqg wkh a whvwv/ uhvshfwlyho|,1 Wkh hvwlpdwhv dqg
whvw vwdwlvwlfv duh urexvw wr khwhurvnhgdvwlflw| exw qrw wr vhuldo fruuhodwlrq1 Wkhuh0
iruh/ wkh U vwdwlvwlf lv uhdoo| whvwlqj wkh qxoo k|srwkhvlv wkdw wkh ruljlqdo v|vwhp
lv xqghulghqwlhg dqg wkdw dq| srvvleoh htxdwlrq kdv qrq0dxwrfruuhodwhg huuruv1
Zkloh odfn ri vhuldo fruuhodwlrq lv dq lpsolfdwlrq ri +614,/ rqh frxog dujxh wkdw lq0
ihuhqfhv wkdw duh urexvw wr vhuldo fruuhodwlrq dv zhoo dv wr khwhurvnhgdvwlflw| zrxog
eh pruh dssursuldwh/ vlqfh wkh h{huflvh lv dlphg dw whvwlqj xqghulghqwlfdwlrq rq
w k he d v l vr i+ 6 1 5 ,d o r q h 1
Dffruglqj wr rxu uhvxowv/ wkhuh vhhpv wr eh lqirupdwlrq lq wkh lqvwuxphqwv
hpsor|hg vlqfh wkh U whvwv uhmhfw wkh qxoo ri xqghulghqwlfdwlrq1 Krzhyhu/ wkh
uhvxowv duh qrw yhu| hqfrxudjlqj iru wkh ruljlqdo vshflfdwlrq/ vlqfh wkh a whvwv
rqo| pdujlqdoo| dffhsw wkh ryhulghqwli|lqj uhvwulfwlrqv +dw wkh rqh shufhqw ohyho/
exw qrw dw yh shufhqw,/ dqg wkh hvwlpdwhg uhodwlyh ulvn dyhuvlrq sdudphwhu kdv
wkh zurqj vljq1
Prqwh Fduor H{shulphqw lq wkh Dvvhw Sulflqj Vhwwlqj Zh jhqhudwhg
43/333 wlph vhulhv ri vl}h A ' f fiurp wkh iroorzlqj prgho=
+￿| ' k￿ n qd> n BE+￿E|3￿￿ n %|3￿ n |3￿o n 0￿|
+2| ' k2 n qd> n BE+￿E|3￿￿ n %|3￿ n |3￿o n 02|
46%| ' > n BE+￿E|3￿￿ n %|3￿ n |3￿n0 ￿ |
 | ' Z|3￿ n0e|
Wklv vshflfdwlrq hqvxuhg wkdw wkh prphqw uhvwulfwlrqv +615, zhuh vdwlvhg
zlwk 5| 'E  c+ ￿E|3￿￿c% |3￿c |3￿ ￿ dv lq wkh hpslulfdo dssolfdwlrq1 Lw dovr kdg wkh
surshuw| wkdw qrqh ri wkh yduldeohv* iruhfdvwv zrxog lpsuryh e| xvlqj +2E|3￿￿ +wkh
odjjhg uhdo vwrfn uhwxuq,1 Zh frqvlghuhg rqh h{shulphqw xqghu wkh qxoo k|srwk0
hvlv ri xqghulghqwlfdwlrq/ vhwwlqj B 'f / dqg dqrwkhu xqghu wkh dowhuqdwlyh ri
lghqwlfdwlrq zlwk B 'f  fD1L qe r w kf d v h v /z hv h wk ￿'k 2'f />'f  fD/ q ' /
dqg Z 'f  b+wr uh hfw revhuyhg shuvlvwhqfh lq wkh orj glylghqg0sulfh udwlr,1 Glv0
wxuedqfhv zhuh jhqhudwhg dv EfcU/ dqg wkh lqlwldo revhuydwlrqv zhuh rewdlqhg
iurp wkh vwdwlrqdu| glvwulexwlrq ri wkh surfhvv1
Wdeoh 5 vkrzv wkh 43/ 8/ dqg 4 shufhqw uhmhfwlrq iuhtxhqflhv iru wkh +khw0
hurvnhgdvwlflw| urexvw, wzr0vwhs dqg frqwlqxrxvo| xsgdwhg JPP yhuvlrqv ri wkh
U whvw vwdwlvwlf1 Wkhlu ehkdylrxu lv eurdgo| wkh vdph/ dowkrxjk wkh frqwlqxrxvo|
xsgdwhg whvw lv voljkwo| pruh frqvhuydwlyh wkdq wkh wzr0vwhs1 Vl}h glvwruwlrq lq
wkh h{shulphqw frqgxfwhg xqghu wkh qxoo lv qrw qhjoljleoh/ dv erwk whvwv vkrz d
whqghqf| wr xqghu0uhmhfw uhodwlyh wr qrplqdo vl}hv1 Wkh uhmhfwlrq iuhtxhqflhv xqghu
wkh dowhuqdwlyh +B 'f  fD, duh dw ohdvw irxu wlphv wkrvh rewdlqhg xqghu wkh qxoo/
dqg jlyh dq lghd ri wkh srzhu wkh whvw fdq eh h{shfwhg wr kdyh iru vpdoo ydoxhv ri
B lq wklv hqylurqphqw1
71 Vhtxhqwldo Prphqwv= Sdqho Gdwd DU Prghov
Zh qrz wxuq wr frqvlghu v|vwhpv ri htxdwlrqv lq zklfk wkh ydolg lqvwuxphqwv
glhu iru glhuhqw htxdwlrqv1 D ohdglqj h{dpsoh lv jlyhq e| dxwruhjuhvvlyh prghov
47zlwk lqglylgxdo hhfwv iru vkruw sdqhov1 Lq wkrvh fdvhv rxu dssurdfk surylghv d
vwudljkwiruzdug zd| ri whvwlqj iru xqghulghqwlfdwlrq/ zklfk lv vshfldoo| xvhixo
vlqfh wkh prghov kdyh d qrqvwdqgdug uhgxfhg irup1 Zh uvw glvfxvv wkh DU+5,
fdvh/ dqg vxevhtxhqwo| jhqhudol}h wkh uhvxow wr dq dxwruhjuhvvlyh surfhvv ri dq
duelwudu| rughu1
Frqvlghu d vhfrqg0rughu dxwruhjuhvvlyh prgho iru sdqho gdwd zlwk dq lqglylgxdo
vshflf lqwhufhsw #￿=
+￿|  #￿ ' k￿E+￿E|3￿￿  #￿nk 2E + ￿ E | 3 2￿  #￿n ￿| E| ' ccAc +714,
vxfk wkdw A  e exw vpdoo/ i+￿￿cc+￿Ac#￿jlv dq l1l1g1 udqgrp yhfwru dqg
.E￿| m +￿￿cc+￿E|3￿￿'f  +715,
Zh frqvlghu JPP hvwlpdwlrq ri k￿ dqg k2 edvhg rq d udqgrp vdpsoh ri vl}h
 i+￿￿cc+￿Aj￿




￿ E{+￿|  k￿{+￿E|3￿￿  k2{+￿E|32￿o ' f E| 'e ccA +716,
zkhuh +r
￿ 'E + ￿ ￿ cc+ ￿r￿1W k x v / z h k d y h d v | v w h p r i A   htxdwlrqv lq uvw0
glhuhqfhv zlwk dq h{sdqglqj vhw ri dgplvvleoh lqvwuxphqwv exw frpprq sdudph0
whuv1
Zlwk A 'ewkhuh lv d vlqjoh htxdwlrq lq uvw glhuhqfhv zlwk wzr lqvwuxphqwv
vr wkdw k￿ dqg k2 duh mxvw lghqwlhg dw prvw1 Whvwlqj iru xqghulghqwlfdwlrq lq wklv
fdvh lv wkhuhiruh dq h{dpsoh ri wkh vlwxdwlrq glvfxvvhg lq vhfwlrq 51 Lw dprxqwv wr
whvwlqj iru ryhulghqwlfdwlrq wkh iroorzlqj irxu prphqwv lqyroylqj wzr xqnqrzq












Li +717, krogv/ +716, zloo krog qrw rqo| iru wkh wuxh ydoxhv k￿ dqg k2/e x w
dovr iru dq| rwkhu kW
￿ dqg kW
2 dorqj wkh olqh kW
2 ' ￿2  kW
￿21 Qrwh wkdw li wkh
dxwruhjuhvvlyh surfhvv frqwdlqv d xqlw urrw vr wkdw k￿ n k2 ' / wkh prphqw
frqglwlrqv +717, krog zlwk ￿ ' 2 ' k21
Zlwk A 'Dd vhfrqg htxdwlrq dqg wkuhh dgglwlrqdo lqvwuxphqwv ehfrph dydlo0




















Krzhyhu/ wkh prphqwv .dE+￿￿c+ ￿2E{+￿e  2{+￿￿o ' f duh fohduo| uhgxqgdqw
jlyhq wkrvh lq +717, lpso|lqj wkdw ￿ ' 21 Pruhryhu/ dowkrxjk dvvrfldwhg zlwk
wkh vhfrqg htxdwlrq/ wkh uhvwulfwlrq .d+￿￿E{+￿e  2{+￿￿o ' f fdq eh dfwxdoo|
whvwhg zlwk A 'e 1
I r uo d u j h uy d o x h vr iAzh rewdlq d vlplodu sdwwhuq ri uhgxqgdqflhv1 Qdpho|/
doo wkh prphqwv dvvrfldwhg zlwk wkh vhfrqg htxdwlrq lq wkh dxjphqwhg v|vwhp/
h{fhsw wkh odvw rqh/ duh uhgxqgdqw jlyhq wkrvh iru wkh hduolhu shulrgv1 Wkhuhiruh/









'f c E |' ccA +718,















49Vlqfh wkhuh lv rqo| rqh xqnqrzq frh!flhqw/ dq U whvw vwdwlvwlf zloo kdyh dq dv0
|pswrwlf 2 glvwulexwlrq zlwk EA  A*22 ghjuhhv ri iuhhgrp surylghg +718,
krogv1
Jhqhudol}lqj wkh suhylrxv dujxphqw/ dq U whvw iru dq dxwruhjuhvvlyh surfhvv ri







{+￿|  ￿{+￿E|3￿￿  ER3￿￿{+￿E|3Rn￿￿
￿l
'fE |'Rn ccA +719,







'f c E |'2 ccA +71:,
Hpslulfdo Looxvwudwlrq Dv dq looxvwudwlrq ri wkh suhylrxv uhvxowv/ zh suhvhqw
lq Wdeoh 6 sdudphwhu hvwlpdwhv/ dqg U dqg a whvw vwdwlvwlfv iru dq DU+5, prgho
ri hpsor|phqw xvlqj wkh Duhoodqr0Erqg gdwdvhw1 Wkhvh gdwd frqvlvwv ri dq xq0
edodqfhg sdqho ri 473 txrwhg upv iurp wkh X1N1 iru zklfk vhyhq/ hljkw/ ru qlqh
frqwlqxrxv dqqxdo revhuydwlrqv duh dydlodeoh iru wkh shulrg 4<:904<;71
Wkh DU+5, uhvxowv zhuh uhsruwhg e| Dorqvr0Eruuhjr dqg Duhoodqr +4<<<,/ zkr
lqwhusuhwhg wkh odujh glvsdulwlhv ehwzhhq wzr0vwhs dqg frqwlqxrxvo| xsgdwhg JPP
dv lqglfdwlqj wkdw wkh hvwlpdwhv zhuh pxfk ohvv uholdeoh wkdq zkdw wkhlu dv|pswrwlf
vwdqgdug huuruv zrxog vxjjhvw1 Qrwh wkdw wkh a whvw vwdwlvwlfv jlyh qr lqglfdwlrq ri
plvvshflfdwlrq1 Doo wkh vwdwlvwlfv vkrzq lq wkh wdeoh duh urexvw wr khwhurvnhgdv0
wlflw|1
Wkh U whvw vwdwlvwlfv duh erughuolqh/ vlqfh wkh qxoo k|srwkhvlv wkdw wkh uhodwlrq0
vkls lv d sulrul xqlghqwlhg fdq eh pdujlqdoo| uhmhfwhg dw wkh yh shufhqw ohyho
exw qrw dw rqh shufhqw1 Lq dq| hyhqw/ wkh U vwdwlvwlf lq wklv fdvh surylghv d xvhixo
txdolwdwlyh lqglfdwlrq wkdw wkh hvwlpdwhv duh qrw yhu| zhoo lghqwlhg1
4:Prqwh Fduor Vlpxodwlrq Zh vlpxodwhg gdwd wr dftxluh vrph lqirupdwlrq
derxw wkh vl}h dqg srzhu surshuwlhv ri wkh U whvw lq dq hqylurqphqw wkdw lv uhodwhg
wr wkh dssolfdwlrq1
Lq rughu wr lqyhvwljdwh srvvleoh vl}h glvwruwlrq/ zh vlpxodwhg 43/333 edodqfhg
sdqhov ri vl}h  ' Df dqg A '.iurp prgho +714, zlwk ￿|  _ Efc dqg d
xqlw urrw1 Vshflfdoo|/ li zh ghqrwh e| >￿ dqg >2 wkh odujhvw dqg vpdoohvw urrwv ri
wkh DU+5, sro|qrpldo/ vr wkdw k￿ ' >￿n>2 dqg k2 ' >￿>2/z hf k r v h> ￿'dqg
>2 'f  e 1 Wkh odwwhu zdv fkrvhq wr plplf wkh hvwlpdwh rewdlqhg iru ￿ zlwk wkh
hpslulfdo gdwd1 Dv iru lqlwldo frqglwlrqv/ zh uvw jhqhudwhg ￿| ' >2￿E|3￿￿ n ￿|/
zlwk lqlwldo ydoxhv gudzq lqghshqghqwo| iurp lwv xqfrqglwlrqdo glvwulexwlrq/ dqg
wkhq jhqhudwhg +￿| ' >￿+￿E|3￿￿n￿|/ vhwwlqj wkh lqlwldo ydoxhv wr }hur dqg glvfduglqj
wkh uvw whq revhuydwlrqv1 Wr lqyhvwljdwh orfdo srzhu zh surgxfhg dqrwkhu urxqg
ri vlpxodwlrqv lq zklfk wkh xqlw urrw zdv uhsodfhg zlwk >￿ 'f  bH dqg lqglylgxdo
hhfwv zhuh vhw wr }hur1 Wkh rwkhu ihdwxuhv ri wkh h{shulphqw uhpdlqhg wkh vdph
dv lq wkh uvw rqh1
Wdeoh 7 vkrzv vrph uhmhfwlrq iuhtxhqflhv iru wkh +khwhurvnhgdvwlflw| urexvw,
wzr0vwhs dqg frqwlqxrxvo| xsgdwhg yhuvlrqv ri wkh whvw vwdwlvwlf1 Wkh wzr irupv ri
wkh whvw h{klelw d vlplodu shuirupdqfh1 Vl}h glvwruwlrq lv vpdoo/ wdnlqj lqwr dffrxqw
wkdw vdpsoh vl}h lv qrw odujh/ dowkrxjk wkhuh lv vrph whqghqf| wr ryhu0uhmhfw dw
wkh 43 shufhqw vljqlfdqfh ohyho1 Zh pljkw h{shfw odujhu vl}h glvwruwlrq iru odujhu
ydoxhv ri >21 Lqghhg/ iru >2 'wkh DU+5, prgho zrxog h{klelw d odujhu ghjuhh ri
xqghulghqwlfdwlrq vlqfh qrw rqo| k￿ dqg k2 exw dovr ￿ zrxog eh xqghulghqwlhg1
Li wklv zhuh wkh uhohydqw qxoo/ dq U whvw frxog eh hdvlo| frqvwuxfwhg iru lw/ exw wkh
U whvw vwdwlvwlfv wkdw dvvxph wkh xqltxhqhvv ri ￿ zrxog qrw kdyh dq dv|pswrwlf
fkl0vtxduh glvwulexwlrq1
4;Uhmhfwlrq iuhtxhqflhv xqghu wkh fkrvhq dowhuqdwlyh duh derxw wzlfh wkh vl}h ri
wkrvh rewdlqhg xqghu wkh qxoo/ vr srzhu lv qrw yhu| kljk lq rxu h{shulphqw/ exw
lw zrxog reylrxvo| lqfuhdvh iru vpdoohu >￿ dqg odujhu 1
81 Frqfoxvlrqv
Lq lqvwuxphqwdo yduldeohv hvwlpdwlrq ri dq hfrqrphwulf prgho lw lv xvhixo wr kdyh d
vwdwlvwlfdo whvw ghvljqhg wr dvfhuwdlq zkhwkhu wkh prgho lv xqghulghqwlhg1 Lqghhg
Nrrspdqv dqg Krrg +4<86/ sdjh 4;7, zurwh=
Lw lv 111 qdwxudo wr dedqgrq zlwkrxw ixuwkhu frpsxwdwlrq wkh vhw ri
uhvwulfwlrqv vwurqjo| uhmhfwhg e| wkh +olnholkrrg udwlr, whvw1 Vlploduo|/
lw lv qdwxudo wr dsso| d whvw ri lghqwldelolw| ehiruh surfhhglqj zlwk wkh
frpsxwdwlrq ri wkh vdpsolqj yduldqfh ri hvwlpdwhv 111 dqg wr iruhjr dq|
xvh ri wkh hvwlpdwhv/ li wkh lqglfdwlrq ri qrqlghqwldelolw| lv vwurqj1
Zkloh lw zdv uhfrjql}hg lq wkh hduo| hfrqrphwulf olwhudwxuh rq vlpxowdqhrxv htxd0
wlrqv v|vwhpv wkdw xqghulghqwlfdwlrq lv whvwdeoh/ wr gdwh vxfk whvwv duh xqfrpprq
lq hfrqrphwulf sudfwlfh1 Qhyhuwkhohvv/ pdq| hfrqrphwulf prghov ri lqwhuhvw riwhq
lpso| d odujh qxpehu ri prphqw uhvwulfwlrqv uhodwlyh wr wkh qxpehu ri xqnqrzq
sdudphwhuv dqg duh wkhuhiruh vhhplqjo| ryhu0lghqwlhg1 Krzhyhu/ wklv vlwxdwlrq lv
riwhq frxsohg zlwk lqirupdo hylghqfh wkdw lghqwlfdwlrq pd| eh dw idxow1 Lq wkrvh
fdvhv/ dq lghqwlfdwlrq whvw pd| surylgh d xvhixo gldjqrvwlf ri wkh h{whqw wr zklfk
hvwlpdwhv duh zhoo lghqwlhg1
Lq wklv sdshu zh kdyh sursrvhg d phwkrg iru frqvwuxfwlqj whvwv ri xqghulghq0
wlfdwlrq edvhg rq wkh vwuxfwxudo irup ri wkh htxdwlrq v|vwhp1 Zh uhjdug xqghu0
lghqwlfdwlrq dv d vhw ri ryhu0lghqwli|lqj uhvwulfwlrqv lpsrvhg rq dq dxjphqwhg
4<vwuxfwxudo prgho1 Wkhuhiruh/ rxu sursrvdo lv wr whvw iru xqghulghqwlfdwlrq e| whvw0
lqj iru ryhulghqwlfdwlrq lq wkh dxjphqwhg prgho xvlqj vwdqgdug whvwlqj phwkrgv
wkdw duh dydlodeoh lq wkh olwhudwxuh1
Zh vkrz wkdw rxu dssurdfk fdq eh xvhg qrw rqo| iru vlqjoh htxdwlrq prghov/
exw dovr iru v|vwhpv zlwk furvv0htxdwlrq uhvwulfwlrqv/ srvvleo| zlwk glhuhqw ydolg
lqvwuxphqwv iru glhuhqw htxdwlrqv1 Dv h{dpsohv zh frqvlghu lqwhuwhpsrudo dvvhw
sulflqj prghov/ dqg dxwruhjuhvvlyh prghov zlwk lqglylgxdo hhfwv iru vkruw sdq0
hov1 Zh dovr surylgh hpslulfdo fdofxodwlrqv dqg Prqwh Fduor vlpxodwlrqv lq rughu
wr looxvwudwh wkh xvh dqg qlwh vdpsoh surshuwlhv ri lghqwlfdwlrq whvwv lq wkrvh
hqylurqphqwv1
D uhohydqw lvvxh zklfk lv rxwvlgh wkh vfrsh ri wklv sdshu lv zkhwkhu dqg krz
wkhvh surfhgxuhv frxog eh h{whqghg wr whvwlqj iru xqghulghqwlfdwlrq lq qrqolqhdu
JPP sureohpv1
53Uhihuhqfhv
Dorqvr0Eruuhjr/ F1 dqg P1 Duhoodqr +4<<<,= V|pphwulfdoo| Qrupdol}hg Lqvwuxphqwdo0
Yduldeoh Hvwlpdwlrq Xvlqj Sdqho Gdwd/ Mrxuqdo ri Exvlqhvv ) Hfrqrplf
Vwdwlvwlfv/4 : /6 9 0 7 < 1
Dqghuvrq/ W1Z1 dqg K1 Uxelq +4<7<,= Hvwlpdwlrq ri wkh Sdudphwhuv ri d Vlq0
joh Htxdwlrq lq d Frpsohwh V|vwhp ri Vwrfkdvwlf Htxdwlrqv/ Dqqdov ri
Pdwkhpdwlfdo Vwdwlvwlfv/ 53/ 790961
Duhoodqr/ P1 dqg V1U1 Erqg +4<<4,= Vrph Whvwv ri Vshflfdwlrq iru Sdqho Gdwd=
Prqwh Fduor Hylghqfh dqg dq Dssolfdwlrq wr Hpsor|phqw Htxdwlrqv/ Uh0
ylhz ri Hfrqrplf Vwxglhv/ 8;/ 5::05<:1
Fdpsehoo/ M1\1/ D1Z1 Or/ dqg D1F1 PdfNlqod| +4<<:,= Wkh Hfrqrphwulfv ri
Ilqdqfldo Pdunhwv/ Sulqfhwrq Xqlyhuvlw| Suhvv1
Fudjj/ M1J1 dqg V1J1 Grqdog +4<<6,= Whvwlqj Lghqwldelolw| dqg Vshflfdwlrq
lq Lqvwuxphqwdo Yduldeoh Prghov/ Hfrqrphwulf Wkhru|/ </ 55505731
Kdqvhq/ O1S1 +4<;5,= Odujh Vdpsoh Surshuwlhv ri Jhqhudol}hg Phwkrg ri Pr0
phqwv Hvwlpdwruv/ Hfrqrphwulfd/ 83/ 435<043871
Kdqvhq/ O1S1 dqg N1 Vlqjohwrq +4<;6,= Vwrfkdvwlf Frqvxpswlrq/ Ulvn Dyhuvlrq/
dqg wkh Whpsrudo Ehkdylru ri Dvvhw Uhwxuqv/ Mrxuqdo ri Srolwlfdo Hfrqrp|/
<4/ 57<05981
Kdqvhq/ O1S1/ M1 Khdwrq/ dqg D1 \durq +4<<9,= Ilqlwh Vdpsoh Surshuwlhv ri
Vrph Dowhuqdwlyh JPP Hvwlpdwruv/ Mrxuqdo ri Exvlqhvv ) Hfrqrplf Vwd0
wlvwlfv/ 47/ 59505;31
54Lpehqv/ J1 +4<<:,= Rqh0vwhs Hvwlpdwruv iru Ryhu0lghqwlhg Jhqhudol}hg Phwkrg
ri Prphqwv Prghov/ Uhylhz ri Hfrqrplf Vwxglhv/ 97/ 68<06;61
Lpehqv/ J1/ U1 Vsdg|/ dqg S1 Mrkqvrq +4<<;,= Lqirupdwlrq Wkhruhwlf Ds0
surdfkhv wr Lqihuhqfh lq Prphqw Frqglwlrq Prghov/ Hfrqrphwulfd/9 9 /
666068:1
Nlwdpxud/ \1 dqg P1 Vwxw}hu +4<<:,= Dq Lqirupdwlrq0Wkhruhwlf Dowhuqdwlyh wr
Jhqhudol}hg Phwkrg ri Prphqwv Hvwlpdwlrq/ Hfrqrphwulfd/ 98/ ;940;:71
Nrrspdqv/ W1F1 dqg Z1F1 Krrg +4<86,= Wkh Hvwlpdwlrq ri Vlpxowdqhrxv Olq0
hdu Hfrqrplf Uhodwlrqvklsv1 Lq= Krrg/ Z1F1 dqg W1F1 Nrrspdqv +hgv1,=
Vwxglhv lq Hfrqrphwulf Phwkrg/ Frzohv Frpplvvlrq Prqrjudsk Qr1 47/
Fkdswhu 9/ Zloh|1
Udr/ F1U1 +4<:6,= Olqhdu Vwdwlvwlfdo Lqihuhqfh dqg Lwv Dssolfdwlrqv/ Vhfrqg Hgl0
wlrq/ Zloh|1
Vdujdq/ M1G1 +4<8;,= Wkh Hvwlpdwlrq ri Hfrqrplf Uhodwlrqvklsv Xvlqj Lqvwux0
phqwdo Yduldeohv/ Hfrqrphwulfd/ 59/ 6<607481
55Wdeoh 4
Frqvxpswlrq0Edvhg Fdslwdo Dvvhw0Sulflqj Prgho














U whvw +gi, 561<7 +<, 561<6 +<,
R0ydoxh +(, 317 317
a whvw +gi, 4615 +8, 4419 +8,
R0ydoxh +(, 514 713
QRWH= Wkh vdpsoh shulrg lv 4;;<04<<71
Dv|pswrwlf vwdqgdug huuruv urexvw wr khwhurvnhgdvwlflw| vkrzq lq sduhqwkhvhv1
56Wdeoh 5
Vl}h dqg Srzhu ri wkh U Whvwv lq wkh Dvvhw Sulflqj H{dpsoh
Uhmhfwlrq Iuhtxhqflhv +(, +gi@<,
Qrplqdo Xqghu wkh qxoo +B 'f , Xqghu wkh dowhuqdwlyh +B ' fD,
ohyho Wzr0vwhs Frqwlqxrxv0xsgdwlqj Wzr0vwhs Frqwlqxrxv0xsgdwlqj
43 <13 ;19 6614 641;
8 61: 617 4<1< 4<1:
43 1 7 3 1 6 8 1 4 7 1 6
Phdq <14 <14 451< 451:
Yduldqfh 471< 4717 561: 5518
QRWH= fcfff uhsolfdwlrqv/ A ' f f / ￿|  _ EfcU1
57Wdeoh 6
DU+5, Hpsor|phqw Prghov zlwk Lqglylgxdo Hhfwv








U whvw +gi, 8414 +67, 7;1; +67,
R0ydoxh +(, 613 71;
a whvw +gi, 651; +58, 641: +58,
R0ydoxh +(, 461: 4919
QRWH= Xqedodqfhg sdqho ri 473 frpsdqlhv zlwk :/ ;/ ru < dqqxdo revhuydwlrqv1
Wkh vdpsoh shulrg lv 4<:904<;71 Wlph gxpplhv duh lqfoxghg lq doo htxdwlrqv1
Dv|pswrwlf vwdqgdug huuruv urexvw wr khwhurvnhgdvwlflw| vkrzq lq sduhqwkhvhv1
58Wdeoh 7
Vl}h dqg Srzhu ri wkh U Whvwv lq wkh Sdqho H{dpsoh
Uhmhfwlrq Iuhtxhqflhv +(, +gi@4<,
Qrplqdo Xqghu wkh qxoo +>￿ ' , Xqghu wkh dowhuqdwlyh +>￿ ' bH,
ohyho Wzr0vwhs Frqwlqxrxv0xsgdwlqj Wzr0vwhs Frqwlqxrxv0xsgdwlqj
43 431< 431< 4<17 4;1;
88 1 8 8 1 6 4 3 1 5 < 1 ;
44 1 3 3 1 < 5 1 6 5 1 5
Phdq 4<1; 4<1: 541< 541;
Yduldqfh 6913 6818 7413 7315
QRWH= fcfff uhsolfdwlrqv/  ' D f /A'. / ￿|  _ Efc/ #￿  f
Vpdoohu urrw lv vhw wr >2 'f  e 1
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